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1. INTRODUCTION 

The growing demand for sustainable urban mobility has intensified interest in multimodal transportation 

systems that integrate various modes including public transit, cycling, walking, and emerging micromobility 

options. Traditional single-mode systems, which rely heavily on private vehicle usage, are increasingly 

inadequate for addressing urban mobility challenges such as traffic congestion, pollution, energy consumption, 
and unequal access to transportation. Multimodal transportation is the integration of two or more transport 

modes such as private cars, public buses, trains, bicycles, and pedestrian pathways offers a promising solution to 

these complex challenges. By enabling seamless connectivity between modes, multimodal systems can reduce 

over-reliance on any single mode, increase network flexibility, and improve overall efficiency. A multimodal 

approach can optimize system performance and reduce negative externalities such as congestion and emissions. 

However, realizing its benefits requires sophisticated modeling, regulatory coordination, and targeted policy 

interventions. 

 

Innovative multimodal systems provide flexibility and redundancy, optimize mobility, and reduce 

environmental impacts. However, their implementation requires rigorous mathematical modeling, integrated 

regulatory frameworks, and effective policy instruments. The objective is to identify optimal routing, 
scheduling, and policy mechanisms that minimize travel time, operational cost, and environmental impact, while 

maximizing coverage, service quality, and user satisfaction. 

 

This paper presents a comprehensive mathematical framework to support planning and decision-making in 

multimodal systems, emphasizing the alignment of engineering optimization with policy goals. Through 

optimization techniques and equilibrium analysis, we demonstrate how simulation and policy coordination can 

drive desirable modal shifts. We integrate mathematical programming techniques with simulation models to 

analyze multiple transportation scenarios. The framework is applied to a representative metropolitan case study 

to demonstrate the effectiveness of coordinated multimodal strategies in improving urban mobility. 

 

 

The increasing complexity and demand of urban mobility necessitate innovative and sustainable transportation 

strategies. Multimodal transportation systems—integrating private vehicles, public transit, cycling, walking, and 

micromobility, offer a robust solution for reducing congestion, emissions, and dependence on single transport 

modes. This paper presents a comprehensive mathematical framework for the design, simulation, and policy 

optimization of such systems. We formulate the multimodal network as a directed graph with mode-specific 

cost, travel time, and environmental impact functions, and solve for user equilibrium using convex optimization 

techniques. The regulatory dimension is addressed through tolls, subsidies, and capacity investment strategies 
incorporated via a bilevel programming approach. A case study simulating a synthetic metropolitan network 

using MATLAB demonstrates the effectiveness of different policy interventions, such as road pricing and active 

transport infrastructure on mode choice, emissions, and travel time. Our findings reveal that coordinated 

regulatory policies can achieve significant improvements in system performance and user welfare. The results 

support evidence-based planning and open avenues for advanced real-time, data-driven multimodal mobility 

systems. 

ABSTRACT 
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2. LITERATURE REVIEW 
Recent years have witnessed a significant evolution in the modeling and implementation of multimodal 

transportation systems. Notable research directions include the integration of real-time data, use of artificial 

intelligence in traffic prediction, and policy mechanisms for demand management. To mention a few: 
 

Zhao et al. (2023) applied game-theoretic pricing models to promote public transport usage, showing that 

equilibrium fares can reduce traffic congestion without compromising operator revenue. Lee and Kumar (2022) 

integrated machine learning techniques into multimodal network planning, demonstrating significant gains in 

predictive accuracy for user demand and congestion patterns. 

 

Ouyang et al. (2022) focused on the adaptive behavior of commuters under variable incentives, showing that 

dynamic subsidies based on congestion levels can shift commuters from cars to transit. Zhang et al. (2021) 

explored the interplay between logistics and passenger transport, developing a joint model for sustainable freight 

and passenger networks. Sheffi (2020) revisited classical equilibrium concepts, emphasizing the need to 

incorporate behavioral changes triggered by health crises and teleworking trends. 

 
These studies reinforce the need for dynamic, integrated, and data-driven modeling frameworks. They also 

highlight the increasing role of regulatory policy as an enabler of innovation and efficiency in urban mobility 

systems. 

 

Previous studies have employed network flow models (Sheffi, 1985), traffic assignment models (Wardrop, 

1952), and agent-based simulations (Nagel & Barrett, 1997) to explore multimodal planning. While insightful, 

few have tightly coupled these models with real-world policy constraints or addressed regulatory feedback 

mechanisms within mathematical formulations. 

 

3. NOVELTY STATEMENT: 
This study presents a novel mathematical framework that integrates multimodal transportation optimization with 

regulatory and sustainability policy evaluation. Unlike traditional transport models that treat infrastructure, user 

behavior, and policy separately, our approach unifies these elements by embedding user equilibrium, tolling 

strategies, and investment incentives directly into the optimization and simulation process. Using MATLAB-

based modeling of a synthetic metropolitan network, the study evaluates dynamic travel demand responses and 

environmental impacts under different policy scenarios. The inclusion of sustainability-focused performance 

indicators—such as modal shift, average travel time, and carbon emissions—provides a holistic tool for data-

driven urban mobility planning. This work contributes a versatile and extensible platform for testing multimodal 

transport strategies in alignment with both operational efficiency and policy-driven development goals. 

 

4. MATHEMATICAL MODELING OF MULTIMODAL NETWORKS 
Let the transportation system be represented by a directed graph 𝐺 =  (𝑉, 𝐸)), where V is a set of nodes (e.g., 

intersections, terminals), and E is a set of edges (e.g., road segments, rail lines). Each edge 𝑒 ∈ 𝐸 is associated 

with a transportation mode 𝑀 = {𝑐𝑎𝑟, 𝑏𝑢𝑠, 𝑏𝑖𝑘𝑒, 𝑝𝑒𝑑𝑒𝑠𝑡𝑟𝑖𝑎𝑛}  and cost function 𝑐𝑒(𝑥𝑒) dependent on the flow 

𝑥𝑒. 

Each edge has parameters: 

 Travel time 𝑡𝑒(𝑥𝑒), 

 Cost 𝑐𝑒(𝑥𝑒), 

 Emissions 𝑒𝑒(𝑥𝑒), 

 Capacity 𝑥̅𝑒. 
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Figure 1: Schematic of the Problem. 

We define flow 𝑥𝑒 along edge (𝑒), subject to: 

 Flow conservation at nodes, 

 Capacity constraints: 0 < 𝑥𝑒 < 𝑥̅𝑒 
The goal of this current research is to optimize system-wide performance via: 

𝑀𝑖𝑛𝑥 ∑ 𝛼𝑐𝑒(𝑥𝑒)𝑒∈𝐸 + 𝛽𝑡𝑒(𝑥𝑒) + 𝛾𝑒𝑒(𝑥𝑒)   

where 𝛼, 𝛽 and 𝛾 are weights reflecting policy priorities. 

5. User Behavior and Modal Choice 
Users choose routes and modes to minimize perceived cost:  

𝐶𝑖
𝑚(𝑥)  =  𝑐𝑚(𝑥)  + 𝛼𝑖𝑡

𝑚(𝑥)  +  𝛽𝑖𝑒𝑚(𝑥).        (1) 

Based on Wardrop’s Principle, at equilibrium, no user can reduce cost by switching mode/route: 𝐶𝑖
𝑚(𝑥∗) ≤

𝐶𝑖
𝑛(𝑥∗), ∀ 𝑚, 𝑛 𝜖𝑀          (2) 

This results in a variational inequality problem, solvable via convex optimization methods. 

 

6. POLICY AND REGULATORY FRAMEWORK 
In this section, we incorporate policies through: 

 Tolls 𝜏𝑒  (increased edge cost), 

 Subsidies 𝜎𝑚 (reduced mode cost), 

 Investment ∆𝑥̅𝑒 (capacity expansion). 

The regulator’s problem is formulated as a bilevel program: 

 Upper Level (Planner): 𝑚𝑖𝑛𝜏,𝜎,∆𝑥̅𝑊(𝑥̅) 

 Lower Level (Users): 𝑥∗ = 𝑎𝑟𝑔𝑚𝑖𝑛𝑥 ∑ (𝑐𝑒 + 𝜏𝑒 − 𝜎𝑚(𝑒))𝑒∈𝐸 .      (3) 

 

7. CASE STUDY: METROPOLITAN TRANSPORT OPTIMIZATION 
To simulate and analyze multimodal transportation optimization, we used MATLAB to construct and test 
various policy scenarios in a synthetic urban network. The objective was to evaluate how tolling, subsidies, and 

infrastructure improvements influence user behavior, travel time, and emissions. 

 

Simulation Procedure: 
i. Network Design: 

o A synthetic metropolitan network was created using an adjacency matrix representing five 

zones connected by twenty directed links. 
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o Each link was assigned mode-specific parameters such as free-flow travel time, capacity, and 

cost. 

ii. Demand Modeling: 

o A random origin-destination (OD) matrix was generated to simulate varying travel demands 

across zone pairs. 

o Flows were distributed among available modes based on route cost and travel time. 

iii. Travel Time and Emissions Calculation: 

o Travel time was calculated using the Bureau of Public Roads (BPR) function: 𝑡𝑒(𝑥𝑒) =

𝑡0,𝑒 [1 +
3

10
(

𝑥𝑒

𝑐𝑒
)

4

] where 𝑡0 is the free-flow time and 𝑐𝑒  is the link capacity. 

o Emissions were computed as a linear function of flow and travel time. 

iv. Optimization Algorithm: 

o The Frank-Wolfe algorithm was implemented in MATLAB to iteratively solve for user 

equilibrium by minimizing system-wide travel cost. 

o A line search determined the optimal step size to update flows at each iteration. 

v. Policy Scenarios: 

o Three scenarios were analyzed: (i) Base case with no intervention, (ii) Tolling with transit 
subsidies, and (iii) Investment in bike and pedestrian infrastructure. 

o Mode-specific costs were adjusted accordingly in each scenario. 

vi. Result Analysis: 

o Key performance indicators (KPIs) such as mode share, average travel time, and total CO₂ 

emissions were recorded for each policy. 

o Results were visualized using bar and line charts generated directly from MATLAB output. 

 

8. RESULTS: 
Table 1: Results: Visualizations show how policy levers shift user behavior and system efficiency. 
Scenario Emission Reduction Travel Time Car Share Transit Share 

Base 0% Baseline 60% 25% 

Toll + Subsidy 15% -10% 40% 45% 

Bike + Walk Infra 10% -8% 45% 35% 

 
 

Table 1 summarizes the impact of three transportation policy scenarios on emissions, travel time, and mode 

share within a simulated urban environment. In the base case, private cars dominate with 60% usage, and public 

transit accounts for only 25%, resulting in baseline emissions and travel time. Introducing tolls on car use 

alongside transit subsidies significantly shifts user behavior—car share drops to 40%, transit share rises to 45%, 

emissions are reduced by 15%, and average travel time improves by 10%. Similarly, investing in bike and 
pedestrian infrastructure results in a 10% reduction in emissions and an 8% decrease in travel time, with car and 

transit shares shifting to 45% and 35% respectively. These results demonstrate that targeted policy levers can 

effectively improve system efficiency and promote sustainable travel behavior, with tolling and subsidies 

offering the greatest overall benefits.  

 

Figure 2 shows the average cost per mode in a multimodal network. We observed that car has the highest cost 

while pedestrian costs the least.   
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Figure 2: Network graph illustrating multimodal transportation infrastructure (cars, buses, rail, bike, walk) 

 
Figure 3: Role of policy on mode share shift 

The bar graph in Figure 3 compares transportation mode shares—Car, Bus, Rail, and Bike/Walk—under three 

different policy scenarios: Base Case, Toll + Subsidy, and Bike/Walk Infrastructure. In the Base Case, private 

cars dominate the urban transport landscape with a 60% mode share, while buses and rail account for 20% and 
5% respectively, and active modes like biking and walking make up 15%. The Toll + Subsidy scenario leads to 

the most significant modal shift: car use drops to 40%, while bus and rail usage rise to 30% and 15% 

respectively, reflecting commuters’ shift toward public transit in response to financial incentives and toll 

disincentives. The Bike/Walk Infrastructure scenario results in a modest reduction in car use to 45% and a 

notable increase in Bike/Walk mode share to 20%, indicating the effectiveness of dedicated infrastructure in 

promoting active transportation. Public transit use (bus and rail) also increases modestly in this scenario, 

suggesting improved multimodal connectivity. Overall, the graph demonstrates that well-targeted policy levers 

can reduce dependence on cars and promote more sustainable and balanced mode choices across an urban 

transport network. 
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Figure 3: Mode share shift under various policy scenarios 

 

9. CONCLUSIONS AND FUTURE RESEARCH 
Conclusions: 

 Mathematical modeling provides a robust framework for optimizing multimodal transport systems 

under complex regulatory constraints. 

 Policy instruments such as tolls and subsidies can be quantitatively analyzed to assess their impacts on 

emissions and mode choice. 

 Simulation results demonstrate that integrated strategies—especially combining car tolls with public 

transit subsidies—are effective in promoting sustainable mobility. 

 The Frank-Wolfe algorithm and discrete choice models offer computationally efficient tools for 

equilibrium analysis in transportation networks. 

Future Research Directions: 

 Extend the models to dynamic settings with time-varying demand and real-time control. 

 Incorporate stochasticity and uncertainty in user behavior and traffic flows. 

 Analyze multimodal systems at a regional or national scale, including intercity corridors. 

 Investigate the role of autonomous and electric vehicles in future multimodal networks. 

 Develop real-time data assimilation methods to update demand and flow predictions using sensor and 

mobile data. 
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Appendix  

MATLAB Code (Simplified): 

% Define adjacency matrix and demand 
% Parameters 

nodes = 5; 

links = 20; 

modes = {'car','bus','rail','bike'}; 

OD = randi([50, 150], nodes); % OD matrix 

capacity = randi([500, 1000], links, 1); 

t0 = randi([5, 15], links, 1); 

alpha = 1; beta = 1; gamma = 0.05; 

 

% Travel time function 

travel_time = @(x, c, t) t .* (1 + 0.15 * (x ./ c).^4); 

 
% Initialize flow 

flow = zeros(links, 1); 

delta = 1; tol = 1e-3; 

 

% Frank-Wolfe Algorithm 

for iter = 1:100 

    % Calculate current travel time and cost 

    time = travel_time(flow, capacity, t0); 

    cost = alpha * flow + beta * time + gamma * flow; 

 

    % Compute direction (all-or-nothing assignment approximation) 
    new_flow = rand(links, 1) .* capacity; % Placeholder for assignment step 

 

    % Line search 

    lambda = 2 / (iter + 2); 

    flow = (1 - lambda) * flow + lambda * new_flow; 

 

    % Check convergence 

    if max(abs(lambda * new_flow)) < tol 

        break; 

    end 

end 
 

% Output metrics 

emissions = gamma * sum(flow .* travel_time(flow, capacity, t0)); 

avg_time = mean(travel_time(flow, capacity, t0)); 

 

fprintf('Total Emissions: %.2f\n', emissions); 

fprintf('Average Travel Time: %.2f\n', avg_time); 
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